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0. Introduction

Leibniz homology was introduced by Loday as a noncommutative analog of Lie
algebra homology. It can be defined for a broader class of algebras called Leibniz
algebras which are nonassociative algebras satisfying the Leibniz identity. Loday and
Pirashvili [15] studied the second Leibniz homology group of the Lie algebra s/,(S) and
the Steinberg Lie algebra st,(S), where S is an associative algebra over a commutative
ring k. They proved that if S is free as a k-module and » > 5, then

HLy(sl,(S)) = H(S) and HLy(st,(S)) = ImB 0.1

where B : HCy(S) — H,(S) is the Connes operator. To do this, they introduced the non-
commutative Steinberg algebra stl,(S) and consider the central extension p : stl,(S) —
s1,(S) in the category of Leibniz algebras.

In this paper, we will work on the elementary unitary Lie algebras eu,(R,—,7y)
and eu(g; R, —), where (R,—) is an associative (and commutative in the later case)
involutive algebra and g is a finite dimensional split simple Lie algebra, as was done
in [9,3]. Toward the end, we introduce the noncommutative Steinberg unitary algebra
and decompose the Hochschild homology of R by using the involution — on R. We
then go on to derive some consequences. For example, we will recover (0.1) for n > 4
and % €k,orn=23 and % €k, and HL,(g ®; S) = Q§|k as well, where g is g or g,
(the compact form of ) and S is an associative commutative algebra over k.

The paper is organized as follows. In Section 1, we recall some basics on Leibniz
algebras, Leibniz homology and various homology theories related to associative al-
gebras. The main reference is the book [14]. Then we study the unitary Lie algebras
eu,(R,—,7) in Section 2 and eu(g; R,—) in Section 3.

* E-mail: gao-yun@math.yale.edu.

0022-4049/99/$ - see front matter (©) 1999 Elsevier Science B.V. All rights reserved.
PI: S0022-4049(98)00018-8



34 Y. GaolJournal of Pure and Applied Algebra 140 (1999) 33-56
1. Basics

Let £ be a commutative ring. A Leibniz algebra L over k is a k-module with a
k-bilinear map, called bracket,

[ ]:LxL—L

satisfying the Leibniz identity:

[x, [y, z]] = [[x, y],z] — [[x,z], ¥] (L.1)
for all x, y,z € L. We sometimes write the Leibniz identity as follows:
[[x, v].z] = [x, [y, z]] + [[x. 2], ] (1.2)

Clearly, Lie algebras are Leibniz algebras.
Suppose that L is a Leibniz algebra over k. For any z € L, we define adz € End; L
by

(adz)x = —[x,z], for all x € L. (L.3)
It follows from (1.2) that

(adz)[x, y] = [(adz)x, y] + [x,(adz) y] (1.4)

for all x, y € L. This says that adz is a derivation of L. If L is a Lie algebra, then adz
is just an inner derivation of L defined as usual.

For any Leibniz algebra L there is an associated Lie algebra L = L/{[x,x]) where
([x,x]) is the two-sided ideal generated by all [x,x],x € L.

Let L be a Leibniz algebra over k. Consider the tensor product modules,

L =L@ -4 L,
\_\,_/

n

one has the boundary map: d, : L%" — L2~ defined by
du(g1 ® -+ ® gn)

= Y Vg 0010[0.¢]061® - ®§; @ D g,
1<i<j<n

where ¢; indicates that the term g; is omitted. One can show that d> = 0 and the
complex (L®",d) (L° = k and d; = 0) gives the Leibniz homology HL.(L) of the
Leibniz algebra L. Note that only the Leibniz identity is needed to guarantee d> = 0.
This is actually the motivation for definitions of Leibniz algebras and their homology
(see [14,15]).

Let L be a Leibniz algebra over k. The center of L is defined to be {z € L : [z,L] =
[L,z] = (0)}. L is called perfect if [L,L] = L. A central extension of L is a pair (L,m)
where L is a Leibniz algebra and 7 : L — L is a surjective homomorphism such that
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ker 7 lies in the center of [ and the exact sequence 0 — ker 1 — L — L — 0 splits
as k-modules. The pair (L, 7) is a universal central extension of L if for every central
extension (L, 7) of L there is a unique homomorphism v : L — L for which oy = 7.
So the universal central extension is unique, up to isomorphism.

The following result is also known.(see [15]).

Proposition 1.1. The universal central extension of a Leibniz algebra L exists if and
only if L is perfect. If (L,m) is the universal central extension of L, then HL,(L) =
ker 7.

Let R be an associative k-algebra with identity 1. Consider the tensor product
modules over %,

R®"D —R@,R®--- @R,

n+1

one has the Hochschild boundary: d, : R®"+1) — R®" defined by

dy(ap®@a ®---Qay)
n—1
= (Z(—l)‘ao®~--®aiai+1 ®--~®an> +(=1)'aya0 @ a1 @ - @ a1,
i=0

and knows that d> = 0 where R®" = k and dy = 0. The complex (R®**D, d) gives
the Hochschild homology H.(R) of the associative algebra R.

Throughout the rest of this paper, we assume that % €k

Suppose that R is, in addition, equipped with an (anti)-involution ~, we write (R, —)
and denote Ry ={a € R:d=a} and R_={a€R:d = —a}.

Let Dyyt = (turt, ot | By = 251 = 1, Lsitusily = ¢,)) be the dihedral group
and define an action on the k-module R®""*1 as follows:

Lis(@®@a1 ® -+ @ay) = (1" 23 @ @, ® Gy @ -+ @ ay,
(a0 ®@a1 ® -+ ®ay) = (=1)'a, ®ap @ -+ a,—

for a; € R,0 <i <n. Let

R®(n+1)
Cu(R) = ,
Im(tiH—l - 1)
R®(n+1)
Dn R) = 5
®) Im(lysr — 1)+ Im(fey — 1)
R®(n+l)
— Dn R = b
D) = e ¥ D)+ mi — D)
R®(n+1) R®(n+1)
L(R)=————  and _L,R)=

Im(ln+1 - 1) Im(ln+l + 1)
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be quotient modules. The Hochschild boundary d induces boundary maps for each
of the five complexes (Cy(R),d),(D«(R),d),(_1D«(R),d),(L+(R),d) and (_;L.(R),d),
the corresponding homology is denoted by HC.(R),HD.(R), _1HD.(R),H;(R) and
H_(R), respectively. The first three are called the cyclic, dihedral and skew-dihedral
homology, respectively. For more about this, see [13, 14].

It is easy to see that

R R R
HC()(R) = m, HD()(R) = m and 71HD0(R) = m

For our use we rewrite /,(R),H; (R), HC\(R) and _;HD,(R) as was done in [9].

Proposition 1.2. Let (R,R) = (R®; R)/I be the quotient module, where I is the
submodule of R Qi R generated by elements ab® ¢ —a®bc+ca®@b =dy(a®@b®c)
for all a,b,c € R. Set {(a,b) =a® b+ 1, then

HI(R>={Z ai,b |Z<a~ b,a,->:0}

is a submodule of (R,R).

Proposition 1.3. Let (R,R). = (R®y R)/I. be the quotient module, where 1. is the
submodule of R ®; R generated by elements ab @ c —a@ bc+ca®@b,a®@b+b®a
for all a,b,c € R. Set {(a,b), =a®b+1., then

HC](R) = {Z a,, |Z(a b b,»ai) = 0}

is a submodule of (R,R)..
Now, consider (R, —). It is easy to see that ¢ = 0 (mod R.) if and only if a = a

Proposition 1.4. Let (R,R)™ = (R Qy R)/I~ be the quotient module, where I~ is the
submodule of R ®; R generated by elements a @ b — a @ b,ab® ¢ —a® bc +ca® b
for all a,b,c € R. Set (a,b)" =a@b+ 1", then

H(R) = {Z anb;) Za bi —bia; =Y (ab; — b,-a,—)}
is a submodule of (R,R)™.

Proposition 1.5. Let (R,R); = (R®y R)/I; be the quotient module, where 1; is the
submodule of RQ R generated by elements a®b—a®b, ab@c—a@bc+ca®b,a@b+bRa
for all a,b,c € R. Set {(a,b)y =a®b+1,, then

,1HD1(R) = {Z Cl,, 1 Za b Z(a,’bi — biai)}

i

is a submodule of (R,R),.
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We denote the quotient maps from R ®; R to (R,R),(R,R)., (R,R)™ and (R,R), by
4,9c.q~ and g4, respectively. We also denote the natural map (R,R) — (R,R). (or
(R,R)~ — (R,R)a) by p (or p~). Clearly,

pog=qc. and pToq =qu. (1.6)

Remark 1.6. If R is commutative, then H,(R) = QL , the Kihler differentials (see

R|k>
[14] for the definition). Moreover, when the involution ~ is trivial, one has

H{ (R) = Hi(R) = Qpy;.-
The following result is an analogue of Proposition 1.13 of [9]

Proposition 1.7. Assume that S is an associative k-algebra with identity. Let S°° be
its opposite algebra. Let R = (S ® S, ex), where ex = — and (s,s") = (s',s), then
@~ (R,R)” — (S,S) given by

¢~ ({(a1,a2),(b1,b2)) ") = (a1,b1) + (a2, b2)
is an isomorphism and H| (R) = H;(S).

Suppose that —1 has no square root in k. Let S be an associative commutative k-
algebra with identity, and R = S ®; k(i) = S @ iS, where i = v/—1. Define ~ : R — R
by a+ib = a — ib for all a,b € S, then R is an associative commutative k-algebra
equipped with an involution ~. In this case we claim

Proposition 1.8. A, (R) = H(S).
Proof. Define /' : R® R — H(S) by

f((a1 +1b1) ® (a2 +1b2)) = (a1, a2) — (b1, b2).
Then one can show that the following elements:

(a1 +1b1) ® (a2 + iby) — (a1 — ib1) ® (az — ib3),
(a1 +1b1)ay +1by) ® (a3 + 1b3) — (a1 + 1b1) ® (az + by ) (a3 + 1b3)
+(as + b3 )(a; + 1b1) ® (ay + iby),

lie in the kernel of f, therefore f induces a surjective homomorphism
T H] (R) — Hy(S).
In H; (R), we have (ib,a)” =0 and (a,ib)~ = 0. Next,
(i-a,ib)™ — (i,a-ib)y~ + (ib-i,a)” =0,
which yields
(ia,ib)~ — (i,abi)” — (b,a)” = 0. (1.7)
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Also, (a,1)~ =0, and (ab-i,i)~ — (ab,i-1)~ + (i-ab,i)” = 0 give us (abi, i)~ = 0.
It then follows from

(i-ab,i)~ — (i,ab-i)~ + (i-i,ab)~ =0,
that (i,abi)™ = —(1,ab)~. From (1.7) we have

(ia,1b)~ = (i,abi)” + (b,a)” = —(l,ab)” + (b,a)” = —(a,b)~
and

(ay +1ib1,a2 +1by) ™ = (a1,a2) — {b1,b2)~

Now, we define g : S® S — H| (R) by g(a ®b) = (a,b)”. Obviously, g induces an
epimorphism ¢ : H,(S) — H; (R) such that g({a,b)) = (a,b)”. Then

g({ar,az) — (b1, b2))

gof((a1+ib1,a2+ib2> ):
= (a1 +1b1,a; +1by) ",

= (a,a2)” — (b1,b2)~

which shows that go f = id and that f is also injective. [
Next, we want to investigate the kernel of p~.

Lemma 1.9. (i) (I,[R,R]+R_)~ =0. (ii) ker p~— = (1,R)".

Proof. Since

(b,e)” —(L,be)” + (¢, b)” =0, (1.8)

we have (1,bc — cb)~ =0, for all b,c € R. Also, (1,b)~ — (1,b)~ =0, for all b € R.
So (i) holds.

Assume that p~(u) = 0 for some u € (R,R)~. Since ¢~ is onto, we have u = ¢~ (v)
for some v € R®;R. Then q,(v) = p~og~ (v) = p~(u) = 0 which says that v € ker g,.
Thus,

U= Z(aibi@)ci —ai®bici+c,~a,~®bi)—|—2(dj®ej+ej®dj)
i J

for some a;,b;,¢;,dj,e; €R. So ¢~ (v) = Zj<dj,ej>’ + (ej,d;)~. It then follows from
(1.8) that

uquU)zZ(ldeJ = Zde]

J

as needed. [J
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Now, we can define

R

by B(a+ [R,R]+R.) = (l,a)".

Proposition 1.10. Im B = ker p~ C H; (R) and we have the following exact sequence
HDo(R)-25H;™ (R)Y—_ HD;(R).

Proof. Clearly, Im B =ker p~ C H; (R) and the following sequence is exact:
HDo(R)-2+(R,R)~ 2 (R,R),.

Taking restriction gives the desired exact sequence. [

Remark 1.11. If R is commutative and the involution - is trivial, then H (R) = Qila| i
and Im B = dR are just exact forms in Q}q -

Remark 1.12. If (R,—) = (S & S°?,ex) as in Proposition 1.7, then the following two
exact sequences are isomorphic:

HDy(R) 2> H[ (R) L _HD\(R)

lo o o

HC)(S) 2 Hi(S) - HCy(S),

where ¢1(((a1,a2),(b1,b2))a) = (a1,b1)c + (a2, b2)c (see [9]), @o((a,b)+[R,R]+R_) =
a+b+[S,S] and B is the so-called Connes operator (see [16] or [14]).

To conclude this section, we need a bit more notations.

Let J be the submodule of R ®; R generated by the following elements:

a®@b+b®a, ab@c—a® bc+éa®b,
(c(ab — ab) + (ba — ba)c) ® d

for all a,b,c,d € R. Define #(R,—) = (R®; R)/J to be the quotient k-module and
write /(a,b) =a® b+ J (see [3]). Let r : R®; R — L (R, —) be the quotient map.
Now, we introduce a noncommutative analog of #(R,—). Let N be the submodule
of R ®; R spanned by the following elements:
ab®c—a®bc+éa®b,
(c(ab — ab) + (ba — ba)c) @ d, d ® (c(ab — ab) + (ba — ba)c)

for all a,b,¢,d € R. Define /(R,—) = (R ®; R)/N to be the quotient k-module and
write /_(a,b) =a®@b+ N. Let 7 : R®; R — A (R,—) be the quotient map. There
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is a natural map Q : N (R,—) — L(R,—) given by O(/_(a,b)) = /(a,b) such that
Qor=r. As Lemma 1.9, one can show that

Lemma 1.13. (i) /_(1,[R.R]+R.)=0. (ii) kerQ =/_(1,R).

Define P : HDy(R) — N (R,—) by P(a+ [R,R]+ R_) =/_(1,a). Then

ker 0 = ImP. (1.10)

Remark 1.14. One can further prove that /_(1,RR_+ R_R) = 0.

2. Noncommutative Steinberg unitary algebras

Let R be an associative k-algebra with identity. The k-Lie algebra of n x n matrices
with coefficients in R is denoted by g/,(R). For n > 2, the elementary Lie algebra
sl,(R) (or e,(R)) is the subalgebra of g/,(R) generated by the elements e;i(a), a € R,
1 <i# j < n, where e; are standard matrix units.

For n > 3, the noncommutative Steinberg algebra stl,(R) is defined to be the
Leibniz algebra over k generated by the symbols X;;(a), a € R, 1 <i # j < n, subject
to the relations (see [15]):

a — Xj;(a) is a k-linear mapping, 2.1)
[Xij(a), Xi(b)] = —[Xjx(D),Xij(a)] = Xi(ab), for distinct i, j,k, 2.2)
[)(l](a)axkl(b)] = 05 for ] 7& kal 7é l: (23)

where a,b € R, 1 <i,j,k 1 <n. Let p: stl,(R,—,7) — sl,(R) be the map defined by
p(Xij(a)) = e;j(a). Then p yields a central extension.

If R is, in addition, equipped with an (anti)-involution —, then the elementary uni-
tary Lie algebra eu,(R,—,y) is a subalgebra of g/,(R) generated by the elements
eij(a)—y,-yjflej,«(d), a € R 1 <i#j<mn where y = (y1,...,7), 7i € k*, the
units of k, 1 <i <n.

It is easy to see that eu,(R,—,y) has a k-module decomposition

eu(R—y) =& & Y, &&, (2:4)

1<i<j<n

where &; = {e;(a) — y,'y;leﬁ(d)\a €R} for 1 <i < j<nand § is the subalgebra
of diagonal matrices of eu,(R, —,y), which is spanned by the elements
[ey(@) = 775 ei(@), eu(b) — 777 eip(B)] = ealab — ab) +eji(ba —ba)  (2.5)

fora,beR, 1 <i#j<n.
For later use, we consider eusz(R, —,y) when R is commutative and the involution ~
is the identity map.
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Lemma 2.1. If y=(1,1,1), then
eus(R,—,7) = k> @R,

where k® is the three-dimensional Lie algebra over k with a basis {x,y,z} and
relations [x,y] = z,[y,z] = x,[z,x] = y.

Proof. The map

en(a) —en(a) = x®a,
en(a) —en(a) — yQa,

eis(a) —es(a) —z®a,
gives the isomorphism of two algebras. [J
Lemma 2.2. If y = (1,—1,1), then
eus(R,—,y) Zsh(k) ®R

where sly(k) is the three-dimensional Lie algebra over k with a basis {e, f,h} and
relations [h,e] = 2e,[h, f1= —2f,[e, f]1=h.

Proof. The map
enn(a) + ex(a) — jh®a,

exs(a) +exn(a) +ep(a) —ez(a) — e®@a,
ex(a) +en(a) — (ei3(a) — esi(a)) — f@a,

gives the desired isomorphism. [J
For n > 3, the noncommutative Steinberg unitary algebra stul,(R,—,y) is defined

to be the Leibniz algebra over & generated by the symbols u;;j(a), a € R, 1 <i# j<n,
subject to the relations:

u(a) = uji(—ViV_flé)» (2.6)
a — u;;(a) is a k-linear mapping, 2.7)
[uij(a), up(b)] = —[up(b), u;j(a)] = ux(ab), for distinct i, j,k, (2.8)
[uij(a),u(b)] =0,  for distinct i, ,k, 1, (2.9)

where a,b € R, 1 < i,j,k,I < n. The noncommutative Steinberg unitary algebra is a
noncommutative analog of the Steinberg unitary Lie algebra defined in [2].

If all y; = 1, we let eu,(R, —) and stul,(R, —) denote eu,(R, —,y) and stul,(R, —, ),
respectively.

Next, we will see that the noncommutative Steinberg unitary algebra is a general-
ization of the noncommutative Steinberg algebra.
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Proposition 2.3. Let S be an associative algebra with identity. Let (R,—) = (S &
S°P ex). Then

stl,(S) = stul ,(R, —).

Proof. First, there is a Leibniz algebra homomorphism
Estul (R, —) — stl,(S)

such that &(u;;((a,b))) = Xij(a) — Xji(b), for all a,b € S. It is obvious that £ is onto.
Also, u;;((a,0)) satisfies the relations (2.1)—(2.3). It follows that there exists a Leibniz
algebra homomorphism ¢~ : stl,(S) — stul,(R, —) such that £~ (X;;(a)) = u;((a,0)).
It is easy to see that &~ o &(u;;((a,b))) = u;;((a, b)) which shows that £ is one - to -
one. [J

Remark 2.4. One can similarly show that eu,(R,—) = s5/,(S) as Lie algebras, see for
example [2].

Setting
Tij(a,b) = [uij(a), u;i(b)], (2.10)
for a,b € R,1 <i# j <n. One can check that
[T;j(a,b), ui(c)] = —[ua(c), T;j(a,b)] = uy((ab — ab)c). (2.11)

for a,b,c € R and distinct i, j, k. Using (2.11), we obtain
[Tyj(a,b), uij(c)] = —[uij(c), T;j(a, b)] = uj((ab — ab)c + c(ba — ba)). (2.12)

The following proposition is obvious.

Proposition 2.5. Let T := Zl§i<j§n[uij(R)7 uji(R). Then T is a subalgebra of
stul,(R, —,v) containing the center 3 of stul,(R,—,y) with [T ,u;;(R)] = [u;j(R), T ]
Cu;j(R). Moreover,

stul,(R,—y) =T & Y @uy(R). (2.13)

1<i<j<n

Clearly, one has a Leibniz algebra epimorphism
¢ : stul (R, —,y) — eun(R, —,7), (2.14)

such that ¢(u;;(a)) = ej(a) — yiyfleji(d). ¢ restricted to u;;(R) maps u;;(R) to &;; and
is one to one, for 1 <i < j < n. It then follows that ker ¢ C 3.

Next, we will characterize ker ¢p. To do this, we need to understand more about the
subalgebra T of stul,(R,—,y). As Proposition 2.5 in [9], one has

Propeosition 2.6. For any a,b,c € R, and distinct i, j, k, we have
(i) Tij(a,b) = Ty(a,b),
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(i1) Ti(a,bc) = Ti(ab,c) + Tyj(ca, b),
(iii) Tij(a,1) + Tji(a,1) =0,
(IV) Tij(a: 1) = Oa lfa € R+'

Proof. (i) is clear. (ii) follows from the Leibniz identity.
Taking b = c =1 in (ii), we get

Tij(a, 1) = Ty(a, 1) + Tyj(a, 1)
and exchanging j and k in (2.15), we have
Ti(a. 1) = Ty(a.1) + Ty(a, 1).
Combining (2.15) and (2.16) gives us
Tij(a, 1)+ Ti(a,1) =0

which is (iii). (iv) follows from (i) and (iii). [J

Let
t(a,b) = Tij(a,b) — T1(ba, 1),

then one easily sees that #(a,b) does not depend on the choices of ;.
Now, we can interpret Proposition 2.6 as follows.

Proposition 2.7. For a,b,c € R, the following identities hold:
(1) 1(a,b) — 1(a,b) =0,
(ii) t(ab,c) — t(a,bc) + t(ca,b) = 0.

43

(2.15)

(2.16)

(2.17)

(2.18)

Proof. (ii) follows from Proposition 2.6(ii). Also, from Proposition 2.6(ii), we get

Tij(a,b) = Ty(ab,1) + Ty(a,b),

Tij(a,b) = Ty(a,b) + Tii(ba, 1).
So

Tij(a,b) — Tij(ba, 1) = Ti(a,b) — Ti(ab,1).
It follows that

t(a,b) =Tyj(a,b) — T\;(ba,1) = T;(a,b) — T;1(ab,1)
=T4(a,b) — Ti(ab, 1) = Ty(a,b) — Ti(ba,1) = 1(a,b).

So (i) holds true. [

(2.19)
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Note that Tj;(a,b) is k-bilinear, and so is #(a,b). As Lemma 2.8 in [9], one can
show that

Lemma 2.8. Every element x € T can be written as

x =Y tapb)+ Yy Tilep 1),

i 2<j<n

where a;,b; € R, c; € R_ (ie., ¢; = —c;).

It is easy to see that
P(t(a,b)) = $(T\;(a,b) — T1j(1,ba)) = e11((ab — ba) — (ab — ba)). (2.20)
Then, similarly to the proofs of Lemma 2.30 and Theorem 2.33 in [9], we have

Proposition 2.9.

ker ¢ = {Zt(a,,bﬂZal i —b Zal i — bia } = H, (R).

We know that
¢ @ stul (R, —,7) — eun(R, —,7) (2.21)

is a central extension. Clearly, stul,(R,—,y) is perfect, so is eu,(R,—,y), for n > 3.
Next, we will determine when ¢ yields the universal central extension.

Theorem 2.10. Assume that (R,—) is an associative algebra such that R is a free
k-module. Then

0) ifn>5,
HLy(stul (R, —,y) =< N/ (R,—) if n=4,
(0) if n=3and § € k.

If n > 5, the theorem can be proved as in Theorem 2.37 of [9].

If n=3 and % € k, the theorem can be proved as Theorem 5.18 of [3]. The only
thing is to recall that adz defined as in (1.3) is a derivation.

If n = 4, the theorem can be proved as Theorem 6.19 of [3]. We will treat this case
with more details.

Recall that in A7(R,—), we have

¢ (ab,c) — ¢ _(a,bc) + ¢ _(¢a,b) =0, (2.22)
¢ ((c(ab — ab) + (ba — ba)c),d) = 0, (2.23)
¢ (d,(c(ab — ab) + (ba — ba)c)) = 0. (2.24)

Next, we collect some identities which can be easily derived from (2.22)—(2.24).

Lemma 2.11. For a,b,c,d € R, we have
¢ (a,b) = ¢ (a,b), ¢ (a,b)=7¢_(ab), (2.25)
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¢ (ab,c) — ¢ _(a,bc) + ¢ _(ac,b) = 0, (2.26)
{ (a,bc) — ¢ (ba,c) — ¢ (ac,b) = 0, (2.27)
¢ (¢,(ba — ba)d) — ¢_((ab — ab)c,d) = 0. (2.28)

Proof. Taking b =c =1 in (2.23) and (2.24) gives (2.25). Replacing a by a in (2.22)
and using (2.25) we obtain (2.26). Egs. (2.27) also follows from (2.22) and (2.25).
Since ba — ba € R_, it follows from (2.26) that

{ (c¢(ba — ba),d) + ¢ _(c¢,(ba — ba)d) + ¢ _(cd,ba — ba) = 0
and so
¢ (c(ba — ba),d) + ¢ _(c,(ba — ba)d) = 0. (2.29)

Now (2.28) follows from (2.24) and (2.29). [J

Let
G = stuly(R, —, 7).

Our goal is to show that HLy(%) = /"(R,—). One can easily see that 4 is Z3-graded
Leibniz algebra such that deg(u;;(a)) = & + ¢;, where ¢ = (0,...,1,...,0) with 1 in
the ith place. Moreover, by Proposition 2.5,

Y = 5t1114(R, —,‘))) = go ® H gsﬂrs,-s

1<i<j<4

where

Go=T = Y [uy(Rhus(R)]  and G, = uy(R).
1<i<j<4

We now define a bilinear bracket on the k-module

G = N(R,—) @ stuly(R,—,7)

by
[N (R, =), 4] =%, N/ (R,—)] = (0), (2.30)
[x,»] = the product [x,y] in 4 for x € 9,,y € Gp,a+ f # ¢, (2.31)
[u12(a), usa(b)] = £ (a,b) = [usa(a), ura(D)], (2.32)
[124(a), uis(B)] = =75 72/ (a,b) = [ur3(a), uaa(b)], (233)
and

[usa(a),u14(b)] = = _(a,b) = [u1a(a), us2(b)]), (2.34)
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where ¢ = ¢ +& +é;+61. Then 4 is a Z‘Z‘-graded algebra with Gy = go,?gl+gj =YGere;
and 9, = N (R, —). Moreover, one can check that the following identities hold. These
can be done case by case.

[uij(a), up ()] = [up(a), uy(b)] (2.35)
= —[uir(a), ug;(b)] = =77 (@), uj(b)],

[uij(ab), ur()] = [uij(a), ug(be)] — [uyi(ac), ug (b)), (2.36)

[ui(@), ur(be)] — [wy(ba), up(c)] — [uy(ac), u(b)] = 0, (2.37)

[u;;((ab — ab)c + c(ba — ba)), ux(d)] = 0, (2.38)

[uij(€), uri((ba — ba)d)] — [u;((ab — ab)e), ugi(d)] = 0 (2.39)

for all a,b,c,d € R.
Proposition 2.12. ¢ is a Leibniz algebra.

Proof. Since ¥ is a Leibniz algebra, to prove the Leibniz identity in % it suffices to
check J(x,y,z) = [x,[y,z]1 = [[x, y]. 2]+ [[x.z], y] = O for deg(x)+deg(y)+deg(z) = &.
We can also assume that deg(x), deg(y) and deg(z) are not equal to &. This leaves
only two possibilities:

Case 1: deg(x) = & + ¢;,deg(y) = & + ¢ for distinct i, /,k, [, and deg(z) = 0

Case 2: deg(x) = & + ¢;,deg(y) = & + &, deg(z) = & + ¢ for distinct i, j, k, [.

For Case 1, we only check the following two subcases and omit the other cases
since they are very similar.

When x = u;(a),y = un(d),z = Tjj(a,b), we have from (2.12) and (2.38),

J(x’ yaz) = [[uij(c), Tl](aab)],ukl(d)]
= [u;j((ab — ab)c + c(ba — ba)), ux(d)] = 0.
When x = u;;(a), y = uy(d),z = Ty(a,b), we have from (2.11) and (2.39),

[ul'j(c)a [Uk[(d), Tik(a, b)] =+ [[uij(c)a Tik(a7 b)]a le[(d)]
= [uj(c), ux((ba — ba)d)] — [u;j((ab — ab)c),u(d)] = 0.

For Case 2, we suppose that x = u;;(a),y = ux(b),z = u(c). Then, using (2.35)
and (2.37),

J(x, ,2) = =i Tuig(@), ua(be)] — yivy Tuii(ba), uir(e)] — yiv; [uj(@c), ua(b)]
= =7 uig(@), ura(be)] — iy uin(ba), ugi(€)] — 9iv;  [uiw(@c), uj(b)]
= =y [ip(@), uri(be)] + vy [wij(ba), uga(c)]

=175 (=7 i luig(@c) ua (b))
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= —9i7; '([wij(a@), up(be)] — [wij(ba), ugi(c)] — [uy(ac), uu(b)]
-0,

which completes the proof. [

Define n: 9 — % by n(A(R,—)) = (0) and 7|y = id. Then, it follows that (‘?,n)
is a central extension of 4. We will show that (éé,n) is the universal central extension
of 4. To do this, we define a Leibniz algebra %% to be the Leibniz algebra generated
by the symbols ufj(a), a€R, 1 <i#j<4and the k-module A"(R,—), subject to
the relations:

(1) ufia) = uj(—yi; ' a),

(2#) ar— uf/-(a) is a k-linear mapping,

(" [(a),uj(b)] = —[u(b), ui(a)] = uj(ab), for distinct i, j, k,

4" V(R =) ufa)] = [uj(a), /' (R,—)] = 0, for distinct i, j,

(5 [uia(a).uiy(D)] = £_(a,b) = [U5y(a),uiy(D)),

(6" [54(a),uis(B)] = =73 92/ (a,b) = [uis(a), u54(b)],

(7 [uia(a),uia(B)] = ~/ _(a,b) = [uis(a).u5y(b)],

where a,b € R, 1 < i,j,k < 4. Clearly, there is a unique Leibniz algebra homomor-
phism  : 9% — & such that y(uf,(a)) = u;(a). Moreover, as Lemma 6.18 of [3], one
can prove

Lemma 2.13.  : 9 — 9 is an isomorphism.
Now, we are in the position to prove the following result.

Proposition 2.14. If (R, —) is associative and free over k. Then (9,7) is the universal
central extension of stulg(R, —,y) and hence HL,(stuly(R,—,y)) = N (R, —).

Proof. Suppose that
0— ¥ — G—stuly(R,—,9) — 0

is a central extension of stuls(R, —, 7). We must show that there exists a Leibniz algebra
homomorphism £ : 4 — 4 so that 1o A = m. Thus, by Lemma 2.13, it suffices to show
that there exists a Leibniz algebra homomorphism # : ¥* — & so that o = mo .

Using a basis for R, we choose a preimage i;j(a) of u;(a) under 7, 1 <i# j <4,
a € R, so that the elements #;;(a) satisfy the relations (1%) and (2%). For distinct i, j, k,
let

(@), i1x(h)] = du(ab) + v} (a,b)
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where v/ (a,b) € 7. Take I ¢ {i,j,k}. Then
[ii(c), [d;;(a), i (D)]] = [in(c), dx(ab)],
[[zzij(a), 4 (D)), tiii(c)] = [du(ab), i (c)].
By the Leibniz identity, we obtain
[t1i(c), ta(ab)] = [iyj(ca), i (b)] = —[ux(ab), i (c)]. (2.40)

In particular, [i;(c),#x(b)] = [i1;(c),i(b)]. It follows that v/, (c,b) = Ufk(c,b) which
shows that v’}k is independent of the choice of i. Setting vy (c,b) = v’}k(c,b), we have

[d1(c), i (b)) = i (ch) + vi(c, b). (2.41)
Taking ¢ = 1, we have
[ai(1), ti(b)] = dn(D) + vi(1, D). (2.42)

Now for / > k, we replace u;(b) by u(b) + vi(1,b), and rechoose iy (b) = —ykyfl
i;(b). Then, the new elements u;;(b) still satisfy the relations (1%) and (2%). Moreover,
we have for / > k that

[t (1), tix(D)] = w1 (D) = —[itix(b), i (1)]. (2.43)
We next check that (2.43) holds for / < k. In fact, using (2.40) and k& > / we have
(et (1), tix ()] = [t1;(b), jue(1)]
= [y (), =7 (D] = —yiv it (b) = di(b).
It follows from (2.40) and (2.43) that
lirj(@), (D)) = [ (1), tir(ab)] = un(ab) = —[up(b), u;;(a)] (2.44)

for a,b € R and distinct /, j, k. Thus, the elements #;;(a) satisfy (3#).
Next, for distinct 4, j, k, [,

[tij(ab), ()] = [[dix(a), g (b)), tira(c)] (2.45)
= =y (@), (b)) + [di(ac), igi(b)].
Meanwhile,
[ttij(ab), ()] = [[du(a), (b)), ()] (2.46)
= —[ita(a), i/ (ch)] + yivy (@), i (B)).
Taking b = ¢ =1 in (2.45) and (2.46) and adding together gives us
2[di(a), i (1)] = 0. (2.47)
But then taking b = 1 in (2.45), we get

[iij(a), ()] = =iy (@), du(e)], (2.48)
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while taking b = 1 in (2.46), we obtain
[dij(a), ()] = —[ii(a), i;(c)]. (2.49)
It follows from (2.48) and (2.49) that (2.45) becomes
[d;(ab), ()] = [d(a), i (be)] — [ (ac), du(b)]. (2.50)
Also, interchange i and &, j and [ in (2.48) respectively, we have
liki(a), ()] = —yi7;  [(@), di(e)] (2.51)
= =75 it (@), ;0(8)] = [il(@), da (€)].
Finally, we have, using (2.12),
[ii;;((ab — ab)c + c(ba — ba)), d(d)] = [[Ty(a, b), ()], iu(d)] = 0 (2.52)
and
[ (d), i;;((ab — ab)c + c(ba — ba))] = [iu(d), [’fij(a, b),i;;(c)]l =0, (2.53)

where Tjj(a,b) = [ii;(a), @(b)].
Taking b = c =1 in (2.52) and (2.53) gives us

[dij(a — a),uu(d)] =0 and  [idy(d),u;j(a —a)] =0, (2.54)
hence (2.51) becomes

[iri(a), u;;(D)] = [;;(a), ia(D)]. (2.55)

Now, put

7 (a,b) = [iha(a), isa(b)]
for a,b € .o/. Then we have

/ (ab,c) =/ _(a,bc) — / _(ac,b),

7 ((ab — ab)c + c(ba — ba),d) = 0,

/¢ (d,(ab — ab)c + c(ba — ba)) = 0

for a,b,c,d € R.

Thus, the elements #;;(a) and / (a,b) satisfy the relations (1%)~(7%), and so there
exists a Leibniz algebra homomorphism 7 : ¥* — 4 so that n(ufj(a)) = tj(a) for 1 <
i#j<4and a € R. But then 7o n(ufj(a)) = t(u;j(a)) = wj(a) and wo x//(ufj(a)) =
n(u;(a)) = w;j(a), and thus 1oy = moy as required. [

Let 4 = stul,(R, —,y), then the associated Lie algebra ¥, = stu,(R,—,7), the
Steinberg unitary Lie algebra (see [3,9] or [3]). Then we have
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Proposition 2.15. If (R,—) is associative and free over k. Then

HLy(stu,(R,—,7)) = ¢ ImB HImP if n =4,
Im B ifn:3and%€k.

Now, consider (R,—) = (S & S¥,ex). Let ¢ = (1,—-1) € R. Then ¢= — ¢, ¢
is invertible and lies in the center of R. Thus (2.23) says that /_(a,b) = 0 for all
a,b € R. So N (R,—) = (0). Also, by Propositions 1.7, 2.3 and Remark 1.12, we get
the following result which was due to Loday and Pirashvili [15] for n > 5.

Corollary 2.16. If S is an associative algebra and free over k. Then (stl,(S),p)
is the universal central extension of sl,(S). Moreover, HLy(sl,(S)) = Hi(S) and
HLy(st,(S))=ImB if n >4 or if n=73 and % €k

Remark 2.17. If R is commutative, then we have the universal central extension
0 — Qg — stl(R) — sI(R) — 0,

which is an exact sequence of Leibniz algebras, where stl(R) = stl(R) and s/(R) =
Sloo(R). In the paragraph after (2.9) in [6], Bloch indicated the following exact
sequence of k-modules:

0 — Qg — 1,(R) — sI(R) — 0

and pointed out that ¢ (R) does not have a natural Lie algebra structure. However, it
now becomes clear that 7, (R) = stl(R) has a Leibniz algebra structure.

3. Analogues of noncommutative Steinberg unitary algebras of other types

In this section we assume that Q C k, where Q is the rational field.

Let g be a finite dimensional split simple Lie algebra over k. It is well-known
that ¢ has a Chevalley basis {e,,h,,| @ € A} (see [7] or [10]), where 4 is the root
system of g with a base IT = {oy,...,0y} and [ is the rank of § (or A4), satisfying
[hy, hg] = 0, [ha,ep] = B(hy)ep, [en,e—y] = hy, [en,ep] = Nypesip, where o, f € 4, if
o+ P &4, we set Nyg=0.

One also has a Chevalley involution 0 (see [7] or [10]), 6(e,) = —e_,. Then one
has (see [7]),

Nyp = —Npa=—N_sp (3.1)

for all o, f§ € 4.

Throughout this section, we will fix the Chevalley basis {ey,h,,| @ € A} and the
Chevalley involution 0 chosen as above. Assume that R is an associative commutative
k-algebra with identity, equipped with an involution ~
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In the k-Lie algebra g ® R, we write x(a) = x ® a. Let eu(g; R, —) be the subalgebra
of ¢ ® R generated by the elements e,(a) — e_,(a), o € A,a € R.
If o £+ f # 0, then by using the Chevalley basis and (3.1),

[ex(a) — e_,(@),ep(b) — e_p(b)] (3.2)
= a,/}(eoch/}(ab) - e*ﬂ(*ﬁ(a_b_)) + Nfa,[}(eocfﬂ(al;) - e—a+ﬂ(db))~
Also, it is easy to see that eu(qg; R, —) has a k-module decomposition:
eu(@;R—) =& @ Y &&, (33)
aEeAt
where &, = {e,(a) — e_,(a)|a € R}, for a € A*, AT is the set of positive roots and
&, is the subalgebra which is spanned by the elements
[ex(a) — e_y(a),e_u(b) — 6%(5)] = hy(ab — dl;) (3.4)

for a,b € R.
For [ > 2, stul(g; R, —) is defined to be the Leibniz algebra over k generated by the
symbols u,(a),x € A,a € R, subject to the relations:

uy(a) = u_,(—aj, (3.5)
a+— uy(a) is a k-linear map, (3.6)
[uz(a), ug(b)] = —[up(b), us(a)] (3.7)

= a,[iu%+/f(ab) + N—a,/}”a—[ﬁ(ag)

for o+ f £0,a,8 € A,a,b € R.

By analogy with the unitary case in Section 2 we call this the noncommutative
Steinberg unitary algebra of (g,R,—).

Now let H,(a,b) = [uy(a),u_,(b)]. As Lemma 3.9 in [9], one can show that

Lemma 3.1. [H,(a,b),ug(c)] = —[ug(c), Hy(a,b)] = B(hy)ug((ab — ab)c).
Clearly, we have a surjective homomorphism
¢ - stul(g; R, —) — eu(g; R, —),
given by d(u,(a)) = e,(a) — e_,(a).

Proposition 3.2. $ := > _, [us(R),u,(R)] is a subalgebra of stul(g;R,—) with
[D,us(R)] = [ux(R), H] S us(R). Moreover,

stul(G:R,—) =9 & > @uy(R)
acdt
and ker ¢ is contained in the center of stul(g;R,—).

As in Section 2, we further analyze the structure of §.

Proposition 3.3. Let o, € A, suppose o+ f € A, then
(1) H%(a7 b) = H—Ot(d’ 5)7
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(i) NypHyip(ab,c) = Np_q—pHy(a,bc) + Ny —ypH_p(ac,b),
(iii) H_p(a,1)+ Hy(a,1) = 0,
(iv) Hg(c,1) =0, for c € Ry

for a,b,c € R.

Proof. (i) is clear. (ii) follows from the Leibniz identity.
Taking b = ¢ =1 in (ii), we have

Ny pH, i p(a,1) = Ng_,_pHy(a,1) + N, _,_pH_p(a,1).
Note that o = (o + ) + (—f8). It follows from (3.8) that
Nauyp—pHo(a,1) = N_g_,H, p(a,1) + Nyip_Hp(a,1).
Adding (3.8) and (3.9) together, we obtain
Ny—a—p(H_p(a,1) + Hp(a,1)) = 0
which yields (iii). It then follows that
Hg(a+a,1)=0,

which is (iv). [

Set h*(a,b) = H,(a,b) — H,(ab,1).

If o, f,a0 + f € 4, then by taking » = 1 in Proposition 3.3(ii), we have

Ny pHyp(a,¢) = Np o pgHy(a,¢) + Ny oy pH_g(ac, 1).
Taking ¢ = 1 in Proposition 3.3(ii), we get
NagHyep(ab, 1) = Ny oy pH,(a.b) + Ny—ygH_p(a,b).
Letting b = ¢ in (3.12), and comparing (3.11) with (3.12), we obtain
Nop(Hop(a,¢) — Hyiplac, 1)) = —Ny o p(H_pla,c) — H_glac, 1)).
Exchanging o and f in (3.13) we get
Npal Hop(a,¢) — Hoyplac, 1)) = —Np—up(H—o(a,) — H_y(ac, 1)),
and so
Ny—s-ph™P(a,c) = =Nj_,_gh™*(a,c),
Replacing a by ab in (3.8), gives us
Ny pHyyp(ab,1) = Np_y_pH,(ab,1) + N, _,_gH_p(ab,1).
Comparing (3.12) and (3.15), we obtain

Np_yph*(a,b) + N, _y_shP(a,b) = 0.

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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From (3.14), (3.16) and (i), we have
h*(a,b) = h™*(a,b) = h*(a,b). (3.17)
Thus, we have

Proposition 3.4. If € A, then for a,b,c € R, the following identities hold:
(i) hP(a,b) —hP(a,b) =0,
(ii) hP(ab,c) — hP(a,bc) + hP(ca,b) = 0.
Note that H,(a,b) is k-bilinear, and so is 4*(a,b). As Lemma 2.8, one has

Lemma 3.5. Every element x € © can be written as

I
x =Y Wanbi)+ > Hy(lc)),
i j=1
where a;,b; €R, c; € R_.

It is easy to see that ¢p(h*'(a,b)) = 0. Moreover, we have the following result whose
proof is similar to the proofs of Proposition 3.34 and Theorem 3.35 in [9].

Proposition 3.6. ker ¢ = {> ;1" (a;,b;) | a;,b; € R} = H| (R).

We know that ¢ : stul(g;R,—) — eu(g;R,—) is a central extension. We will de-
termine when ¢ yields the universal central extension. Towards the end, we set (see

9D
Assumption 3.7. There exists an element ¢ € R such that e = —e, and e is invertible.

With Assumption 3.7, we have, by using Lemma 3.1

[Ha(e, 1), Hy(e, 1)] = [Ha(e, 1), [ug(e),u_p(1)]] (3.18)
= [[Hy(e, 1), up(e)],u_p(1)] = [[Hy(e, 1), u_p(1)], up(e)]
= [Blha)up(2¢*), u_p(1)] + [B(h)u_p(2e), up(e)]
= 2B(h,)Hp(€, 1) + 2B(h, )H_ (e, e)
= 2f(h,)H_y(e,€)
as e* € R, and Hp(e?,1) = 0. Also, by Lemma 3.1 again, we have
[us(a),H_g(e,e)] =0 (3.19)

for all a € R.



54 Y. GaolJournal of Pure and Applied Algebra 140 (1999) 33-56

Now, we can prove the following theorem:

Theorem 3.8. If (R, —) is an associative commutative algebra satisfying Assumption
3.7 and R is a free k-module, then HL,(stul(g;R,—)) = (0).
Proof. Suppose that the following is a central extension,

0 — V — L-"sstul(§;R,—) — 0.

Let #,(a) be the preimage of u,(a) in L under n chosen as follows. It suffices to
choose #,(a) for o € AT and a € {r;},cx which is a basis of R, and then extend our
choices to all a € R and o« € A" by linearity and (3.5).

Let H,(a,b) = [ii,(a),ii_4(b)]. Recall that e is fixed in Assumption 3.7, then by
Lemma 3.1, we have

[i,(e™ " a), Hu(e,1)] = —4il(a) + vy(a),

for some v,(a) € V. Replacing #,(a) by i,(a) — vy(a)/4, for o € A™, then using (3.5)
get @,(a) for o« € —A". So we get for a € R,

[ii(e " a),H (e, 1)] = —4il,(a). (3.20)
Now, we claim
[ii,(a), H _g(e,e)] = 0. (3.21)
Indeed, by (3.19), we have
0 = [[i(e™"a), H_g(e,e)], Hyle,1)]
= [ix(e™ "), [H _g(e, e), Hy(e, D]] + [[i(e " ), Ho(e, 1)), H _g(e, )]
= —4[iy(a), H _p(e, e)],

as [A_ye,e), H.(e,1)] € V.
From (3.20), we have

[[i(e~" a), H(e, 1)), H (e, 1)] = —4[i,(a), H g(e, 1)].
By the Leibniz identity, (3.18) and (3.21), the left-hand side is
[i(e”"a),[H.(e, 1), H (e, D] + [[de™ @), Hpe, 1)], Hole, 1)]
= [it,(e™"a),2B(h,)H _p(e,e)] + [—a(hp)ity(2a), H (e, 1)] = Bu(hp )ily(ea).
So we have
[i(a), Hy(e,1)] = —20(hy)ils(ea). (3.22)

Note that i,(a) satisfies the relations (3.5) and (3.6). As in the proof of Theorem
3.45 of [9], using (3.22), one can show that i,(a) satisfies the relation (3.7). The proof
is thus complete. [J
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Let S be an associative commutative k-algebra with identity. Suppose that (—1) has
no square root in k. Define R = S ®; k(i) = S ® iS with involution a 4+ ib = a — ib,
where i = /—1, then R is a k-algebra equipped an involution ~. So eu(§;R,—) is a
k-Lie algebra generated by

es(a)—e_y(a)= (e, —e_,) Ra,
ex(ia) +e_y(ia) = i(ex +e—,) Qa

for all @ € S, o € A. Evidently, eu(g;R,—) = ¢, ® S where g, is a k-Lie algebra
generated by e, —e_, and i(e, + e~ *). If £k = R, the field of real numbers, then g, is
nothing but the compact form of §. Note that e = /—1 satisfies Assumption 3.7.

Corollary 3.9. HLy(g, ®; S) = Qélk.

Proof. The rank / (of g) > 2 case follows from Theorem 3.8 and Proposition 1.8
while the rank / = 1 case follows from Lemma 2.1, Proposition 2.9 and Theorem
2.10. O

Next, let S be an associative commutative algebra over £ and take (R,—) = (S &
S°P ex), one has eu(q;R,—) = g® S. Note that e = (1,—1) € R satisfies Assumption
3.7.

Corollary 3.10. HL;(g ®; S) = Q_lg‘k.

Proof. The rank / > 2 case follows from Theorem 3.8 and Proposition 1.7 while the
rank / = 1 case follows from Lemma 2.2, Proposition 2.9 and Theorem 2.10. [J
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